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Varying the set of terms
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add(s(x),y) — add(x,s(y))
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cost(pear) — s(s(0))
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Varying the set of terms

Example:
add(0,y) — y
add(s(x),y) — add(x,s(y))
cost(apple) — s(0)
cost(pear) — s(s(0))

We can create:
add(0, apple)

Another example:

length(nil) — 0
length(cons(x,y)) — s(length(y))

What is the meaning of: length(s(cons(nil,0)))?
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Problems of type-insensitive analysis

fl0) — 0
f(s(x)) — 0
cost(apple) —
cost(pear) — s(s(0))
Question: are the following properties satisfied?

e f(t) reduces to O for all t

® every ground term reduces to a “constructor normal form”

Termination: Toyama's example:

f(x,1,2) — f(x,x,x)
chooselist(x,y) — x
chooselist(x,y) — y



Different ARSs — based on TRSs  Many-Sorted Rewriting Systems

Typing a term rewriting system (intuition)

Idea: add types to function symbols



Different ARSs — based on TRSs  Many-Sorted Rewriting Systems

Typing a term rewriting system (intuition)

Idea: add types to function symbols

Example: 0 :: nat, apple :: fruit, banana :: fruit, s :: nat = nat, cost :: fruit =
nat, add :: nat => nat = nat, nil :: list, cons :: nat = list = list



Different ARSs — based on TRSs  Many-Sorted Rewriting Systems

Typing a term rewriting system (intuition)

Idea: add types to function symbols

Example: 0 :: nat, apple :: fruit, banana :: fruit, s :: nat = nat, cost :: fruit =
nat, add :: nat => nat = nat, nil :: list, cons :: nat = list = list

Requirement: terms must be well-typed!



Different ARSs — based on TRSs ~ Many-Sorted Rewriting Systems

Typing a term rewriting system (intuition)

Idea: add types to function symbols

Example: 0 :: nat, apple :: fruit, banana :: fruit, s :: nat = nat, cost :: fruit =
nat, add :: nat => nat = nat, nil :: list, cons :: nat = list = list

Requirement: terms must be well-typed!
e Terms: s(add(0,0)) and cons(0, cons(add(0, cost(apple)), nil))

e Not terms: cons(0, banana) and s(nil)



Different ARSs — based on TRSs ~ Many-Sorted Rewriting Systems

Typing a term rewriting system (intuition)

Idea: add types to function symbols

Example: 0 :: nat, apple :: fruit, banana :: fruit, s :: nat = nat, cost :: fruit =
nat, add :: nat => nat = nat, nil :: list, cons :: nat = list = list

Requirement: terms must be well-typed!
e Terms: s(add(0,0)) and cons(0, cons(add(0, cost(apple)), nil))

e Not terms: cons(0, banana) and s(nil)

Variables: implicitly carry a type as well (but usually not mentioned)
e Allowed: add(x, x)

e Not allowed: cons(x, x)



Different ARSs — based on TRSs ~ Many-Sorted Rewriting Systems

Typing a term rewriting system (intuition)

Idea: add types to function symbols

Example: 0 :: nat, apple :: fruit, banana :: fruit, s :: nat = nat, cost :: fruit =
nat, add :: nat => nat = nat, nil :: list, cons :: nat = list = list

Requirement: terms must be well-typed!
e Terms: s(add(0,0)) and cons(0, cons(add(0, cost(apple)), nil))

e Not terms: cons(0, banana) and s(nil)

Variables: implicitly carry a type as well (but usually not mentioned)
e Allowed: add(x, x)

e Not allowed: cons(x, x)

Reduction: unchanged!
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Definition
® signature Y function symbols f € ¥ with arities #(f)
® variables X >NX =2 infinitely many
® terms T(X,X) smallest set such that
e X CT(X,X)

e iff€X hasarity n >0 and ty,...,t, € T(X,X) then
f(tr,...,tn) € T(X,X)



Different ARSs — based on TRSs  Many-Sorted Rewriting Systems

Definition
® signature Y function symbols f € ¥ with-arities{
® variables X >NX =2 infinitely many
® type function typeof maps each f to atype o1 = --- =0, =T
and each x to a sort
® terms T(X,X) smallest set such that
e X CT(X,X)

e iff € X hasarity n >0 and ty,...,t, € T(X,X) then
f(tr, ..., tn) € T(XE,X)



Different ARSs — based on TRSs  Many-Sorted Rewriting Systems

Definition
® signature Y function symbols f € ¥ with-arities{
® variables X >NX =2 infinitely many
® type function typeof maps each f to atype o1 = --- =0, =T
and each x to a sort
® terms T(XZ,X) smallest set sueh—that typable under:
e X CT(X,X)

e iff € X hasarity n >0 and ty,...,t, € T(X,X) then
f(tr,...,tn) € T(XE,X)



Different ARSs — based on TRSs  Many-Sorted Rewriting Systems

Definition
® signature r function symbols f € X with-arities#{(F)}
® variables X >NX =2 infinitely many
® type function typeof maps each f to atype oy = - =0, =T
and each x to a sort
® terms T(X,X) smallest set suech-that typable under:

© XCHEY)

x 0 if x € X and typeof(x) = o

= )y N )

if typeof(f) =01 = -+ =0, =7 and t; :: 01,...,t, :: 0 then
f(t, ..., ty) =T
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Varying the reduction relation

Reconsider: Toyama's example:

f(x,1,2) — f(x,x,x)
or(x,y) — x
or(x,y) — y
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Definition (Rewrite Relation)
Let R = (X, R) be a TRS. The rewrite relation —% on T (X, X) is defined as:

Cllo] —x Clro]

for every:
® rulel/ —reR,
e context C, and

® substitution o.
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® every strict subterm of /o is in normal form with respect to —%
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Definition (Innermost Rewrite Relation)

Let R = (X, R) be a TRS. The innermost rewrite relation =% j» on T (X, X) is
defined as:

Cllo] =r C[ro]

for every:
® rulel/ —reR,
e context C, and
® substitution o.
provided:
® every strict subterm of /o is in normal form with respect to —%

e thatis, if t < fo then t # 'd’ forany ¢/ —r' € R
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Definition (Rewrite Relation)
Let R = (X, R) be a TRS. The rewrite relation —x on 7 (X, X) is defined as:

sléo], —r s[rolp

for every:
® rulel{ —reR,
® term s and position p in Pos(s), and

® substitution o.
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Definition (Outermost Rewrite Relation)

Let R = (X, R) be a TRS. The outermost rewrite relation —g o4+ on T(X, X) is
defined as:

sllolp, —=r s[rolp
for every:
® rulel/ —reR,
e term s and position p in Pos(s), and
® substitution o.

provided:
e for every g < p: s|q # o’ forany ¢/ —r' € R
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