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every two coinitial rewrite sequences can be joined
”'4.'}'”
® ... yields uniqueness of normal forms
® .. s decidable for terminating TRSs

e ... what about nonterminating TRSs ?
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¢ — g(c)
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Orthogonality  Definitions

Confluence via Critical Pairs
Control interference of rewrite rules:

e Critical Pair Lemma:
WCR <« <+ x— C | (all critical pairs are convergent)

e Combine with Newman's Lemma:
SN & +x— C ] =— CR

Observe from preceding examples:

Confluence via Orthogonality
Forbid interference of rewrite rules
® no critical pairs

® no equality checks (duplicated variables in the left-hand sides)
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Orthogonality  Definitions

Definitions
® term t is linear is each variable in Var(t) occurs exactly once in t
® rewrite rule £ — r is left-linear if £ is linear
® rewrite rule £ — r is right-linear if r is linear

® rewrite rule £ — r is linear if £ and r are linear

Examples
* g(x) = f(x,g(x))
left-linear but not right-linear

e f(x,x) —>a
right-linear but not left-linear
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A TRS is orthogonal if it is left-linear and has no criticial pairs.
Examples

I x — x ack(0, y) — s(y)
(K-x)-y—x ack(s(x), 0) — ack(x,s(0))
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Orthogonality  Definitions
Definition
A TRS is orthogonal if it is left-linear and has no criticial pairs.
Examples

|- x — x ack(0,y) — s(y)
(K-x)-y—x ack(s(x), 0) — ack(x,s(0))
((5-x)-y)-z—=(x-2)-(y-2)  ack(s(x),s(y)) — ack(x, ack(s(x),y))

Theorem

Every orthogonal TRS is confluent
Vs, t,u s

dv v

For orthogonal TRSs there is a canonical way to compute common reduct. . .
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redex positions ins: €| 11[2| 22 |

s(x) Xy = (xxy)+y
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Orthogonality Descendants

Example

O+y—y s(x)+y—s(x+y) O0Oxy—0

2
s = 4 e —

s(x) Xy = (xxy)+y

e = F
S X2 S +
\ / N\ \
11 % s 422 11 % 21 % 422
/ N\ l/ N\ /N / N\ / \
0 0 0 0 g 0 0 0 ) s
| /7 \ |
0 0 S 0
\
0
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Orthogonality Descendants

Example
O+y—y s(x)+y—s(x+y) O0xy—0
2
s = G —
PN e
s X2 s
| / \ |
11 % s +22 11 %
/ \ |/ \ / \
0 0 00 g 0 0
|
0
redex positions in s: €| 11 | 2 22
redex positions in t: € | 11 212 | 22| 21 |
redex at position 22 is duplicated redex

s(x) Xy = (xxy)+y

+e =t
\
+

v
21 % +22
/ N\ /" \
0 4220 s
/7 \ |
0 T 0
0

at position 21 is created
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Example
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Orthogonality Descendants

Example

0O+y—=y s(x)+y—=s(x+y) Oxy—=0 s(x)xy—=(xxy)+ty

21
t = + € — +€ = u
S + s +2
| RN | / N\
11 % 21 % 422 11 % 0 42
/ N\ / N\ / N\ / N\ /7 \
0 0 0 +212 3 0 0 0 s
/ N\ | |
0 s 0 0
|
0
redex positions ins: € |11 | 2 22

redex positions in t: € | 11 212 | 22 | 21
redex positions in u: € | 11 22 2

redex at position 212 is erased redex at position 2 is created
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=

Definition (Descendants after Rewrite Step)
® The descendants of g after Ain t
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%] otherwise



Orthogonality Descendants

rewrite step A: s % t at position p € Pos(s) set of positions @ C Pos(s)
=

Definition (Descendants after Rewrite Step)

® The descendants of g after Ain t

{q} ifg<porqgl p
q/A=q{ppsp2 | rlpy =} if g = pp1p2 with p1 € Posx(¢)
1%} otherwise

® The descendants of @ after A in t are

Q/A=J a/A

qeQ
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Orthogonality Descendants

rewrite sequence A: s —* t set of positions @ C Pos(s)

Definition (Descendants after Rewrite Sequence)
The descendants of @ after A in t
Q/A = Q if A is empty sequence
 (Q/A)/Ay If A=Ay Ay with Aj:s — uand Ay: u—* t

Lemma
For left-linear TRSs:  if Q is parallel (VY p # q € Q: p || q) then so is Q/A.

Lemma
For orthogonal TRSs: if Q is set of redex positions then so is Q/A.



Orthogonality Descendants

rewrite sequence A: s —* t set of positions @ C Pos(s)

Definition (Descendants after Rewrite Sequence)

The descendants of @ after Ain t

Q/A = Q if A is empty sequence
1 (Q/A1)/Ar If A= A;; Ay with Aj: s — uand Ay: u —* t

Lemma
For left-linear TRSs:  if Q is parallel (VY p # q € Q: p || q) then so is Q/A.

Lemma
For orthogonal TRSs: if Q is set of redex positions then so is Q/A.

A descendant of redex is called residual.
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a—b f(a,a) — f(b,a)
f(x,x) = b



Orthogonality Descendants

Remark

® |n non-left-linear TRS descendant of redex is not necessarily redex
a—b f(a,a) — f(b,a)
f(x,x) = b
® In TRS with critical pairs descendant of redex is not necessarily redex

a—b f(a) — f(b)
f(a) = b
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Orthogonality Parallel Moves Lemma

Definition (Parallel Rewriting)

= CH
= CH
f(s1y...,8n) 4 F(t1,...,ty) if s 4 t; foreach 1 < i< n



Orthogonality Parallel Moves Lemma

Definition (Parallel Rewriting)

BNER
1o
N 1N
F %

f(s1y...y8n) 4 F(tr,...,ty) if 54 t; foreach 1 < i< n

0+y—=y s(x)+y—=s(x+y) Oxy—=0 s(x)xy—=(xxy)+ty

—
S/\X
| /N
X S —+
/7 N\ |/ \
0 00 s
0

0



Orthogonality Parallel Moves Lemma

Definition (Parallel Rewriting)

BNER
1o
N 1N
F %

f(s1y...y8n) 4 F(tr,...,ty) if 54 t; foreach 1 < i< n

0+y—=y s(x)+y—=s(x+y) Oxy—=0 s(x)xy—=(xxy)+ty

s = + =
S/ \X S/ \+
\ / N\ \
x " 4 0 >y
/ N\ \ /7 \ / N\ 7/ \
0 0 00 S 0 4 0 S
\ 7/ \ \
0 0 S 0

\
0



Orthogonality Parallel Moves Lemma

Definition (Parallel Rewriting)

f(s1y...y8n) 4 F(tr,...,ty) if 54 t; foreach 1 < i< n

0+y—=y s(x)+y—=s(x+y) Oxy—=0 s(x)xy—=(xxy)+ty

s = 4+ - . =
S/ \X S/ \+
\ AN \
X s/ + 0 ></ \+
/7 N\ \ /7 \ / N\ /7 \
0 0 00 S 0 I 0 S
\ 7\ \
0 0 S‘ 0
0

Lemma

sS4t < s —*t by contracting redexes at pairwise parallel positions in s
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Orthogonality Parallel Moves Lemma
Definition (Projection)
A: s4p t; by contracting redexes at positions in Pa
B: s+t by contracting redexes at positions in Pg
e B/A: t; 4 uy by contracting redexes at positions in Pg/A
e A/B: t, 4 up by contracting redexes at positions in Ps/B
e AUB=A;B/Aand BUA=B;A/B

Parallel Moves Lemma
For every orthogonal TRS:

N

(51 (53
B/A %: %: A/B
up u»
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Orthogonality Parallel Moves Lemma
Definition (Projection)

A: s4p t; by contracting redexes at positions in Pa

B: s+t by contracting redexes at positions in Pg

e B/A: t; 4 uy by contracting redexes at positions in Pg/A
e A/B: t, 4 up by contracting redexes at positions in Ps/B
e AUB=AB/Aand BUA=B;A/B

Parallel Moves Lemma
For every orthogonal TRS:

o x
o XA/B

AL B

BUA
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Orthogonality Parallel Moves Lemma

Definition
A: sy —* t; and B: s, —* t, are permutation equivalent (A ~ B) if

51 =%
thh=1t
p/A = p/B for all redex positions p in s

Parallel Moves Lemma (with Permutation Equivalence)

XX

AU B BUA

"y XA/B
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Definition
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Definition
A weakly orthogonal TRS is left-linear and has only trivial critical pairs.

Examples

xVT—=>T )
TVx — T
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Beyond Orthogonality

Theorem (Huet 1980)

left-linearity & <+ x— C 4 — CR

Z

IH

Proof Sketch.
o - C A4

interesting case

e > CHHC o7

Open Problem

left-linearity & <+ x— C ¢+ — CR?
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Beyond Orthogonality

Theorem (Huet 1980)

linearity & +x— C (=7 -*)N(=*-«) = CR

Notation

® s« X — t for critical pair originating from overlap (h — ri,€, b — )

© XN = XN\ N

Theorem (Toyama 1988)

left-linearity & +x— C 4 & +x— C 4 -« = CR

Theorem (van Oostrom 1996)

left-linearity & +x— C= & +X— C = "+ — CR
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Definition
A development of set of redex positions Q in term ¢ is a rewrite sequence starting
from t in which all contracted redex positions descend from positions in Q.

Example

® rewrite rules

O+y—vy Oxy—20

s(x) +y —s(x+y) s(x) xy = (xxy)+y

® rewrite sequences

s(0) x (0 x 0) — (0 x (0 x 0))+ (0 x 0) — (0 x 0) + (0 x 0) ©
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Definition
A development of set of redex positions @ in term ¢ is a rewrite sequence starting
from t in which all contracted redex positions descend from positions in Q.

Example
® rewrite rules

O+y—vy Oxy—20

s(x) +y —s(x+y) s(x) xy = (xxy)+y

® rewrite sequences
s(0) x (0 x0) — (0% (0
s(0) x (0 x0) — (0% (0

0)) + (0 x 0) — (0 x 0) + (0 x 0) ®
0)) +(0x0) — 0+ (0 x0) ®

X

X




Developments

Definition
A development of set of redex positions @ in term ¢ is a rewrite sequence starting
from t in which all contracted redex positions descend from positions in Q.

Example

® rewrite rules

O+y—vy Oxy—20

s(x) +y —s(x+y) s(x) xy = (xxy)+y

® rewrite sequences

s(0) x (0 x 0) — (0 x (0 x 0))+ (0 x 0) — (0 x 0) + (0 x 0) ©
s(0) x (0x0) — (0% (0% 0))+ (0x0)— 0+ (0x0) ®
©)

s(0) x (0 x0) —s(0) x0— (0x0)+0
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Definition (Overlining)
For a TRS R = (¥, R) we define the overlined TRS R = (¥, R):
e Y =YU{f|fex}
* R={plpeR}
where p is obtained from p by overlining the head symbol of the left-hand side.

p:f(si,...,sn) —r yields p:f(sy,...,s,)—=r
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Definition (Overlining)
For a TRS R = (X, R) we define the overlined TRS R = (¥, R):
e Y =YU{f|fex}
* R={plpeR}
where p is obtained from p by overlining the head symbol of the left-hand side.

p:f(si,...,sn) —r yields p:f(sy,...,s,)—=r

Example

The overlined version of Combinatory Logic:

Ap(Ap(x, z), Ap(y, 2))

%
Ap(Ap(K, x),y) - X
- X
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We write t > s if t can be obtained from s by overlining some redex positions.

Definition (Lifting)

A R rewrite sequence A:s; — s» — ... — s, can be lifted if:

<ﬁ17 p1> <ﬁ2a P2> <ﬁn—la pn—1>
tl > t2 » - .- > tn
VI VI VI
(p1, P1) (P2, p2) (Pn—1, Pn—1)
S1 » So > oo > Sp

for some R rewrite sequence B : t; — ... t,.



Developments

We write t > s if t can be obtained from s by overlining some redex positions.

Definition (Lifting)

A R rewrite sequence A:s; — s» — ... — s, can be lifted if:

<pl7 p1> <ﬁ2a P2> <ﬁn—la Pn_1>
tl > t2 » - .- > t,
VI VI VI
(p1, P1) (P2, p2) (Pn—1, Pn—1)
S1 » So > oo > Sp

for some R rewrite sequence B : t; — ... t,.

Lemma
For orthogonal TRSs: a reduction is a development <= it can be lifted.



Developments

Theorem

Properties of R for orthogonal TRSs R.:
® R is orthogonal.
® R is SN.
* RisCR.

Proof.
The orthogonality of R is immediate. Hence R is CR.

For SN we show that R is ILPO terminating where f > g for every f,g € .
Let £ = f(f1,...,£,) and r € T(X,X) with Var(r) C Var.
Then £ —7 , r by induction on r:

e If r € Var(¥¢), then we use —p,r and —>seject-

o If r=g(n,...,rm), then we use £* =5, g(0*, ..., 0%).

Moreover by the induction hypothesis £* —7  r; for every i.
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Definition
A development A: s —* t of Q C Pos(s) is complete if Q/A = @.
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Developments

Theorem

Developments are finite.
Definition
A development A: s —* t of Q C Pos(s) is complete if Q/A = .

We write s = t (called multi-step) if there is a complete development s —* ¢.

Example

(2]
—~

o
~

X

(0x0) — (0x (0x0))+(0x0)— (0x0)+(0x0) ®
s(0) x0—(0x0)+0 ©

(%2
—~
o
~—
X
—~
o
X
o
~—




Developments

Theorem

Developments are finite.

Definition
A development A: s —* t of Q C Pos(s) is complete if Q/A = @.

We write s = t (called multi-step) if there is a complete development s —* ¢.

Example
s(0) x (0x0) — (0% (0x0))+(0x0)— (0x0)+(0x0) ®
s(0) x (0 x 0) — s(0) x0— (0 x0)+0 ©
Theorem

All complete developments of Q are permutation equivalent.
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Strategies  Definitions

Definition

A rewrite strategy S is mapping that assigns to every reducible term t a nonempty
set of finite nonempty rewrite sequences starting from t.

e S is deterministic if |S(t)| = 1 for every reducible term t
® S normalizes term t if there are no infinite S rewrite sequences starting from ¢t
® S is normalizing if it normalizes every term that has a normal form

® S is perpetual if every maximal S rewrite sequence starting from any
non-terminating term is infinite

Definition

A rewrite sequence is maximal if it is infinite, or it ends in a normal form.

Lemma

For terminating TRSs every strategy is normalizing and perpetual.



Strategies  Definitions

Example

® rewrite rules

0+0—0 1+0—>1 9+0—9
0+1—=1 1412 9+1—-1:0
0+2—2 1+2 -3 9+2—+1:1
0+3—3 1+3 4 943 —>1:2
0+4—4 1+4—5 9+4—1:3
0+5—5 1+5—-6 94+5—1:4
0+6—6 1+6 =7 94+6 +1:5
04+7—7 1+7—38 9+7—1:6
0+8—8 1+8—9 948 —>1:7
0+9—9 149 —+1:0 9+9—1:8
x+(y:z) = y:(x+2) 0:x = x
(x:y)+z—=x:(y+2) x:(y:z) = (x+y):z

® term
((0:(14+2)+B3+4)+(5+6)



Strategies

Example (cont'd)

Definitions

term 0:|1+2|

+[3+4]

+|5+ 6]

tree representation

/+
AN

A

N
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outermost redexes
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term

tree representation

Strategies

Definitions

0:[1+2]

+[3+4]

+|5+ 6]

/+

+

:/ AN
e

innermost redexes
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term 0:[1+2||+[3+4][+]|5+6]

tree representation

leftmost outermost strategy
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Example (cont'd)

term 0:[1+2||+[3+4][+]|5+6]

+/ \+
:/ \+ 5/ \6
/ 3/ \4

0

leftmost innermost strategy
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term

tree representation

Strategies

Definitions

0:[1+2]

+[3+4]

+|5+ 6]

/+

+

:/ AN
e

parallel innermost strategy



Strategies  Definitions
Definition
Leftmost outermost strategy always reduces the leftmost of the outermost redexes.

Definition
Leftmost innermost strategy always reduces the leftmost of the innermost redexes.

Definition

Parallel outermost strategy always reduces all outermost redexes in parallel.

Definition
Parallel innermost strategy always reduces all innermost redexes in parallel.
Definition

The full substitution strategy performs complete development of all redexes.
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Strategies  Results

Theorem

For orthogonal TRSs

full substitution and parallel outermost strategies are normalizing
® outermost-fair strategies are normalizing

® nnermost strategies are perpetual

® [eftmost outermost strategy is not normalizing
Example
a—b c—c f(x,b) = b
e |eftmost outermost f(c,a) — f(c,a) — f(c,a) —
® |eftmost innermost f(c,a) — f(c,a) — f(c,a) — -
e parallel outermost f(c,a) 4 f(c,b) = b
e parallel innermost f(c,a) 4 f(c,b) — f(c,b) —
e full substitution f(c,a) = f(c,b) = b
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