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Historical overview: LPO and RPO

Plaisted [1978] and Dershowitz [1979]:
e recursive path order (RPO)
Kamin and Lévy [1980]:
e |exicographic path order (LPO)
Bergsta and Klop [1985]:
® iterative version of RPO, defined via rewriting
Buchholz [1995]:
e simplified proof: Kruskal not needed
Klop, van Oostrom and de Vrijer [2005]:
e iterative lexicographic path order (ILPO)
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Lexicographic Path Order (LPO)

Let > be a strict order on signature ¥

Define >0 on T(X, V) by: s =f(s1,...,5m) >po t iff

(LPO1) si=tors; o t for some 1l <i<m,or

(LPO2) t=g(t1,...,ts) and s =0 tj for all 1 < j < n, and
(LPO2a) f > g, or
(LPO2b) f=g,and 3i: sy =t1, ..., Si—1 = tji_1 and §; =p0 &;.
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ILPO. .. The star TRS Lex.

Given a terminating relation > on signature ¥, define TRS Lex.
e Signature: X WX*, where X* = {f* | f € X}
f* is fresh and has the same arity as f
® Reduction rules (four types, for arbitrary f, g € X):
F(X) —put 7(X)
(
(

x|

) —select Xi
) —copy &(F(X), ..., F" (X)) iff>g

x|

(%, 8(¥),2) =iex F(X, 8% (V). 1,..., 1) where | = f*(x, g(¥), 2)
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ILPO. .. The star TRS Lex.

Given a terminating relation > on signature ¥, define TRS Lex.
e Signature: X WX*, where X* = {f* | f € X}
f* is fresh and has the same arity as f

® Reduction rules (four types, for arbitrary f, g € X):

F(X) =put F7(X)

f*()?) —select Xi
*(X) =copy 8(F*(X), ..., (X)) iff>g
(X, g(¥), 2) —nex f(X,87(¥),1,-. ., 1) where | = f*(X, g(¥), 2)

Definition (ILPO)
o is the restriction of _>Zex> to terms over ¥, i.e.

t =ipo S > t—>zex>s A t,s€T(ZWV)
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ILPO

Claim

>ilpo is @ reduction order, that is:
® —ipo is well-founded, and

® closed under substitution and contexts
The closure under substitutions and contexts is immediate since —>J£ex> is.

Only required: proof of termination of > .

Corollary
A TRS R is terminating if R C >jjpo.

Proof. >, is a reduction order with R C .
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Termination for >, via termination of Lex®

But Lex is in general not terminating, e.g. if A > S, then

A(x,y) —put A%(x, )
—rcopy S(A™(x,¥))
—rcopy S(S(A"(x,y)))

Starred symbol A* is ‘used’ infinitely often.

This is essential in any infinite reduction!

Idea:
® use numbers instead of stars,

® the numbers fix how often a symbol can be used.

= Yields a terminating TRS Lex{ .
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Auxiliary TRS with numerical control symbols

Given a terminating relation > on signature X, define TRS Lex{

e Signature: XWX, where ¥¥ = {f" | f € X, n€ N}

f" is fresh and has same arity as f

e Reduction rules:
F(X) —pue £7(X)
fn()?) —select Xi
F(X) = copy £(F"(X), ..., f(X)) iff-g
fn+1()—<*’g(}7)72') _>|e>< f()ag”(y)’ /a R} /) Where / = fn()?vg(Y)7Z)
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Back and forth between Lex and Lex¥

From — fexe t0 — fex:

® every reduction can be transformed by replacing f" by f*.

From — e t0 — fexw:
® every finite reduction can be lifted, in particular

® every reduction between two starless terms can be lifted.

For example:
M(x,8(y)) —put M'(x,8(y)) —copy AM™(x,8(y)), M"(x, 8(y)))
—rselect A(X, M7 (x,8(y))) —r1ex A(x, M(x, 87(y)))
—select A(X, M(x, y))
becomes:
M(x, 8(¥)) —put M2(x: S(¥)) —copy AR (x,S(x)), M (x,S(y)))
—rselect A(X, Ml(Xv S(¥))) —rtex A(x, M(x, SO(Y)))
—rselect A(X, M(X, y))



-

Fex, and —)Zex‘;_ coincide on T(X & V)
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Lex and Lex¥

Theorem

+ + -
—fex, and — /. coincide on T(X ¥ V)

Note that the infinite reduction

A(va) %PUt A*(Xv)/)
—rcopy S(A"(X, y))
—rcopy S(S(A"(x, ¥)))

cannot be lifted:

A(X, y) —rput A?(XJ’)
—rcopy S(A"1(x, ¥))
—copy S(S(A772(x,y)))
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Prove the implication
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Termination of Lex® a la Buchholz

Prove the implication
t1,...,t, are terminating = f*(ty,...,t,) is terminating

by induction on triple (f,f,£) in ordering (&, (= zex )", >).

® Here (—cexw )" is the lexicographic order on n-tuples

e No label ¢ counts as oo with oo > n.

In general a term is SN if all one-step reducts are SN.

= We check all one step reducts of f(ty,.. ., t,).
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Termination of Lex® a la Buchholz

Prove the implication
t1,...,t, are terminating = f*(ty,...,t,) is terminating

by induction on triple (f,f,£) in ordering (&, (= zex )", >).

Case 1. Internal step Fé(... t;,...) — Fi(..., t],...).

The triple decreases in the second component.
Case 2. f(t1,...,tn) —put £ (t1,.. ., tn).

We have a decrease in the third component.
Case 3. f"(t1,...,tn) —select ti-

By assumption t; is SN.
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Termination of Lex® a la Buchholz

Prove the implication
t1,...,t, are terminating = f*(ty,...,t,) is terminating

by induction on triple (f,f,£) in ordering (&, (= zex )", >).

Case 4. f™1(t) —copy g(F(E), ..., F (1))
By IH the arguments f"(t) of g are SN since n+ 1 > n.
Again by IH the term g(...) itself is SN, since f > g.

Case 5. f"H(ag(g')» ) —lex f(ﬁg"(f), loo ), 1= f"(ag(f)» r).
By assumption the arguments t and g(3) are SN.
By IH we get / is SN.
Since g(5) —put £"(5) we get
e g"(5)is SN, and
® the triple decreases in the second component.
Thus by IH f(t,g"(5),/,...,1) is SN.
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—Lexw IS terminating
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Termination of Lex and Lex¥

Hence we have proven:

Theorem

—Lexw IS terminating

Corollary

— k., is terminating on T(Z W V)

Proof. —F_ and —/_ . coincide on T(Z W V)



Iterative Lexicographic Path Order

Example, Ackermann Function

Example

Ack(0,y) = s(y)
Ack(s(x),0) — Ack(x,s(0))
Ack(s(x),s(y)) — Ack(x, Ack(s(x), y))

Find an order > on ¥ which proves termination.
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Example, Ackermann Function

Example

Ack(0,y) > s(y)
Ack(s(x),0) — Ack(x,s(0))
Ack(s(x),s(y)) — Ack(x, Ack(s(x), y))
Find an order > on ¥ which proves termination.

Ack = s
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Example, Ackermann Function

Example
Ack(0,y) = s(y)
Ack(s(x),0) — Ack(x,s(0))
Ack(s(x),s(y)) = Ack(x, Ack(s(x), y))
Find an order > on ¥ which proves termination.
Ack > s
We get the following derivations:
Ack(0,y)
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Example, Ackermann Function

Example
Ack(0,y) = s(y)
Ack(s(x),0) — Ack(x,s(0))
Ack(s(x),s(y)) = Ack(x, Ack(s(x), y))
Find an order > on ¥ which proves termination.
Ack > s
We get the following derivations:
Ack(0, y) —put Ack™(0,y)
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Example, Ackermann Function

Example
Ack(0, ) — s(y)
Ack(s(x),0) — Ack(x,s(0))
Ack(s(x),s(y)) — Ack(x, Ack(s(x), y))
Find an order > on ¥ which proves termination.
Ack > s
We get the following derivations:
Ack(0, y) —put Ack™(0,¥) —copy S(Ack™(0,y))
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Example, Ackermann Function

Example
Ack(0,y) = s(y)
Ack(s(x),0) — Ack(x,s(0))
Ack(s(x),s(y)) = Ack(x, Ack(s(x), y))
Find an order > on ¥ which proves termination.
Ack > s
We get the following derivations:
Ack(0, y) —put Ack™(0,¥) —>copy S(Ack™(0,¥)) —select S(¥)
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Example, Ackermann Function

Example
Ack(0,y) = s(y)
Ack(s(x),0) — Ack(x,s(0))
Ack(s(x),s(y)) = Ack(x, Ack(s(x), y))
Find an order > on ¥ which proves termination.
Ack > s
We get the following derivations:

Ack(0, y) —put Ack™(0,¥) —>copy S(Ack™(0,¥)) —select S(¥)
Ack(s(x), 0)
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Example, Ackermann Function

Example
Ack(0,y) = s(y)
Ack(s(x),0) — Ack(x,s(0))
Ack(s(x),s(y)) = Ack(x, Ack(s(x), y))
Find an order > on ¥ which proves termination.
Ack > s
We get the following derivations:

Ack(0, y) —put Ack™(0,y) —>copy S(ACk™(0,)) —select S(¥)
Ack(s(x),0) —put Ack*(s(x),0)
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Example, Ackermann Function

Example
Ack(0,y) = s(y)
Ack(s(x),0) — Ack(x,s(0))
Ack(s(x),s(y)) = Ack(x, Ack(s(x), y))
Find an order > on ¥ which proves termination.
Ack > s
We get the following derivations:

Ack(0, y) —put Ack™(0,¥) —>copy S(Ack™(0,¥)) —select S(¥)
Ack(s(x),0) —pur Ack™(s(x),0) —iex Ack(s™(x), Ack™(s(x),0))
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Example, Ackermann Function

Example

Ack(0,y) > s(y)
Ack(s(x),0) — Ack(x,s(0))
Ack(s(x),s(y)) = Ack(x, Ack(s(x), y))
Find an order > on ¥ which proves termination.
Ack = s
We get the following derivations:
Ack(0, y) —put Ack™(0,¥) —>copy S(Ack™(0,¥)) —select S(¥)
Ack(s(x),0) —pur Ack™(s(x),0) —iex Ack(s™(x), Ack™(s(x),0))
—rselect Ack(x, Ack™(s(x),0))
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Example, Ackermann Function

Example

Ack(0,y) — s(y)
Ack(s(x),0) — Ack(x,s(0))
Ack(s(x),s(y)) — Ack(x, Ack(s(x), y))
Find an order > on ¥ which proves termination.
Ack > s
We get the following derivations:
Ack(0, y) —put Ack™(0,¥) —>copy S(Ack™(0,¥)) —select S(¥)
Ack(s(x),0) —pur Ack™(s(x),0) —iex Ack(s™(x), Ack™(s(x),0))
—select Ack(x, Ack™(s(x),0)) —copy Ack(x,s(Ack™(s(x),0)))
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Example, Ackermann Function

Example

Ack(0,y) = s(y)
Ack(s(x),0) — Ack(x,s(0))
Ack(s(x),s(y)) — Ack(x, Ack(s(x), y))
Find an order > on ¥ which proves termination.
Ack > s

We get the following derivations:
Ack(0, y) —put Ack™(0,¥) —>copy S(Ack™(0,¥)) —select S(¥)
Ack(s(x),0) —pur Ack™(s(x),0) —iex Ack(s™(x), Ack™(s(x),0))
—select Ack(x, Ack™(s(x),0)) —copy Ack(x,s(Ack™(s(x),0)))
—select Ack(x,s(0))
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Example, Ackermann Function

Example

Ack(0,y) = s(y)
Ack(s(x),0) — Ack(x,s(0))
Ack(s(x),s(y)) — Ack(x, Ack(s(x), y))
Find an order > on ¥ which proves termination.
Ack > s

We get the following derivations:
Ack(s(x),s(y))
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Example, Ackermann Function

Example
Ack(0,y) = s(y)
Ack(s(x),0) — Ack(x,s(0))
Ack(s(x),s(y)) — Ack(x, Ack(s(x), y))
Find an order > on ¥ which proves termination.
Ack > s

We get the following derivations:
Ack(s(x), s(y)) —put Ack™(s(x),s(y))
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Example, Ackermann Function

Example
Ack(0,y) = s(y)
Ack(s(x),0) — Ack(x,s(0))
Ack(s(x),s(y)) — Ack(x, Ack(s(x), y))
Find an order > on ¥ which proves termination.
Ack > s

We get the following derivations:

Ack(s(x),s(y)) —rput Ack™(s(x),s(y))
—rex Ack(s*(x), Ack™(s(x),s(y)))
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Example, Ackermann Function

Example

Ack(0,y) = s(y)
Ack(s(x),0) — Ack(x,s(0))
Ack(s(x),s(y)) — Ack(x, Ack(s(x), y))
Find an order > on ¥ which proves termination.
Ack > s

We get the following derivations:

Ack(s(x),s(y)) —rput Ack™(s(x),s(y))
—rex Ack(s*(x), Ack™(s(x),s(y)))
—select Ack(x, Ack™(s(x),s(y)))
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Example, Ackermann Function

Example

Ack(0,y) = s(y)
Ack(s(x),0) — Ack(x,s(0))
Ack(s(x),s(y)) — Ack(x, Ack(s(x), y))
Find an order > on ¥ which proves termination.
Ack > s

We get the following derivations:
Ack(s(x),s(y)) —put Ack™(s(x),s(y))
—rex Ack(s*(x), Ack™(s(x),s(y)))
—select Ack(x, Ack™(s(x),s(y)))
—ex Ack(x, Ack(s(x),s*(y)))
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Example, Ackermann Function

Example

Ack(0,y) — s(y)
Ack(s(x),0) — Ack(x,s(0))
Ack(s(x),s(y)) — Ack(x, Ack(s(x), y))

Find an order > on ¥ which proves termination.
Ack = s

We get the following derivations:
Ack(s(x),s(y)) —put Ack™(s(x),s(y))
—rex Ack(s*(x), Ack™(s(x),s(y)))
—select Ack(x, Ack™(s(x),s(y)))
—ex Ack(x, Ack(s(x),s*(v)))
—rselect Ack(x, Ack(s(x), y))

Hence we have proven termination.
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Lexicographic Path Order (LPO)

Let > be a strict order on signature ¥

(LPO1) si=tors; =0 t forsome 1l <i<m,or

(LPO2) t=g(t1,...,ta) and s =50 tj for all 1 < j < n, and
(LPO2a) f > g, or
(LPO2b) f=g,and 3i: sy =t1, ..., Si—1 = ti_1 and §; =p0 t;.




Iterative Lexicographic Path Order

Lexicographic Path Order (LPO)

Let > be a strict order on signature ¥

(LPO1) si=tors; =0 t forsome 1l <i<m,or

(LPO2) t=g(t1,...,ta) and s =50 tj for all 1 < j < n, and
(LPO2a) f > g, or
(LPO2b) f=g,and 3i: sy =t1, ..., Si—1 = ti_1 and §; =p0 t;.

Theorem

> ipo IS equivalent with =y,
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Recursive Path Order (RPO)
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Recursive Path Order (RPO)

Multiset: A multiset over A is a function M : A — N.
Multiset extension: For a strict order >, define =™ on finite multisets by:

XM= YyM <<= X#0 andVyecVY IxeX: x-y

{2,447} =m™1{1,2,2,2,3,4,7}
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Recursive Path Order (RPO)

Multiset: A multiset over A is a function M : A — N.
Multiset extension: For a strict order >, define =™ on finite multisets by:

XM= YyM <<= X#0 andVyecVY IxeX: x-y

{2,447} =m™1{1,2,2,2,3,4,7}

SN(=) == SN(=m/



Recursive Path Order

Recursive Path Order (RPO)

Multiset: A multiset over A is a function M : A — N.
Multiset extension: For a strict order >, define =™ on finite multisets by:

XM= YyM <<= X#0 andVyecVY IxeX: x-y

{2,447} =m™1{1,2,2,2,3,4,7}

SN(=) == SN(=m/

Let > be a strict order on signature *

Define >=,50 on T(X, V) by: s =f(s1,...,Sm) ™o t iff

(RPO1) si=tors; >t forsomel <i<m,or

(RPO2) t=g(t1,...,ts) and s >y tj for all 1 < j < n, and
(RPO2a) f g, or
(RPO2b) f =g, and {s1,...,5;m} =7 {t1,... ta}.
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Extensions of LPO and RPO

Extensions of LPO and RPO

Status: per symbol choice multiset or lexicographically
Jouannaud, Lescanne & Reinig [1982]; Lescanne [1990]

Semantic path orderings: replace the precedence by a quasi-order on terms
Kamin & Lévy [1980]; Dershowitz & Hoot [1995]
Yamada, Kusakari & Sakabe [2015], Saito & Hirokawa [2023]
reduction order capturing dependency pairs
Borralleras, Ferreira & Rubio [2000]

Modulo AC: compatible with associativity and commutativity
Bachmair & Plaisted [1985], Rubio & Nieuwenhuis [1995]
Kapur & Sivakumar [1997], Rubio [2002], Borralleras & Rubio [2003]

Higher-order: lifted to simply-typed A-terms: higher-order RPO
Jouannaud & Rubio [1999, 2007]
computability path ordering
Blanqui, Jouannaud & Rubio [2015]



	lecture 6
	Overview
	Historic Overview
	Lexicographic Path Order
	Iterative Lexicographic Path Order
	Recursive Path Order
	Extensions of LPO and RPO


