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Motivation

Recall: subterm property

minus(x,0) — x
minus(s(x ),s(y)) —  minus(x, y)
quot(0,s(y)) — O
quot(s(x),s(y)) = s(quot(minus(x, y),s(y)))

If minus(x,y) > y and s(a) > a, then:

s(quot(minus(x,y),s(y))) = s(quot(y,s(y)))
= quot(y,s(y))

Definition (Subterm Property)
A reduction ordering > has the subterm property if f(...,s,...) = s for all f.
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Motivation

Secondary motivation

Program analysis: often hundreds or thousands of rules.
Problem: finding an ordering for all at once is computationally difficult.

Wish: split a termination problem into multiple smaller problems.
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The dependency pair framework

Idea: a general framework for termination analysis:
® in principle applicable to all TRSs; no subterm property limitation
e several building blocks, including reduction orderings
® both for termination and non-termination

The core idea of dependency pairs is to look at function calls.

To start, split functions in constructors and
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Dependency pairs and chains: definition

|dentifying function calls

(x,0) — x
(s(x),s(v)) — (x.y)
(0,s(y)) — 0
(s(x),s(y)) = s(auot(minus(x, y),s(y)))

“(s(x),s(y)) = Hx,y)
s(x)s(y)) = d (x,¥),s(y))
s(x),s(y)) = (x,y)
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We can prove the following result:

Theorem (Dependency Pair Chains)

For a given set of rules R, let DP be the corresponding set of dependency pairs.

—g Is terminating if and only if there is no infinite (DP, R)-chain: a reduction
S1 :>DP_>*R S» :>DP—>*R S3...
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Dependency pairs and chains: definition

Dependency pair chains

We can prove the following result:

Theorem (Dependency Pair Chains)
For a given set of rules R, let DP be the corresponding set of dependency pairs.
—g Is terminating if and only if there is no infinite (DP, R)-chain: a reduction
S| =DP— R S2 =DP—R S3- .-
Note: marking prevents — g steps at the top!
So —g is terminating iff there is no infinite sequence where:

® the steps using =pp occur at the root of the term;

® the steps using —g do not occur at the root of the term;

® there are infinitely many steps using =pp.



Dependency pairs and chains: definition

Example: an infinite DP chain



Dependency pairs and chains: definition

Example: an infinite DP chain



Dependency pairs and chains: definition

Example: an infinite DP chain



Dependency pairs and chains: definition

Proving the dependency pair theorem

Theorem: — g is terminating if and only if there is no infinite reduction
S1 éDp*)T? S é[)p*)jf? S3...

Proof (=):



Dependency pairs and chains: definition

Proving the dependency pair theorem
Theorem: — g is terminating if and only if there is no infinite reduction
S1 éDp*)T? S é[)p*)jf? S3...

Proof (=):
® Suppose there is an infinite chain.



Dependency pairs and chains: definition

Proving the dependency pair theorem

Theorem: — g is terminating if and only if there is no infinite reduction
S1 =DP—R S2 =DP—R S3- .-
Proof (=):

® Suppose there is an infinite chain.

e Note that s =pp t implies s —r s’ > t for some s'.



Dependency pairs and chains: definition

Proving the dependency pair theorem

Theorem: — g is terminating if and only if there is no infinite reduction
S1 =DP—R S2 =DP—R S3- .-
Proof (=):

® Suppose there is an infinite chain.

e Note that s =pp t implies s —r s’ > t for some s'.

® Hence, there is an infinite chain
S1 —R Cl[tl] —>E C1[52] —R C1[C2[t2]] —>E C1[C2[S3]] .
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Dependency pairs and chains: definition

Proving the dependency pair theorem
Theorem: —r is terminating if and only if there is no infinite reduction
S| =DP—R 52 =DP—R 53 - .-
Proof (<—):
® Suppose —g is non-terminating.
® Then there is a minimal non-terminating term f(sy,...,s,).

e Consider: what does an infinite reduction starting in f(sy,...,s,) look like?
= f(s1,...,8)) =pf(s],...,s,) =Llo =g ro =%
= f(s1,...,80) =R f(s],....s0) =1(l1,...,ln)0 =R ro =%

Let g(t1,. .., tm) be a minimal non-terminating subterm of ro

e Then necessarily: g(ti,...,t,) = r'c for some r' < r
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Using a reduction pair

Building block: reduction pairs

Theorem
If:

® ( > r for all dependency pairs { = r € DP,

£ = r forall rules?{ — r e R,

> is well-founded and stable,

> is stable and monotonic,

® ands >~ t > uimpliess > u,

then there is no infinite (DP, R)-chain!

Proof idea. By these requirements:

e |f s =pp t (by a step at the root), then s - t.

e |f s —g tthen s > t.

® Hence, if s =pp - =% t, then s > - =" t, and therefore s > t.
O
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Using a reduction pair

Weakly monotonic algebras

Like monotonic algebras, but [f] only needs to be weakly monotonic.
if s >t, then [f](...,s,...) > [f](...,¢t,...).

Many functions that are not monotonic, are still weakly monotonic; for example:
e functions that ignore arguments: Ax,y. x

® min / max functions: Ax,y. min(x,y) or Ax. max(x — 1,0)
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Using a reduction pair

Completing quot/minus

Back to our example!

(x,0) = x
(s(x),s(y)) = (x,y)
(0,s(y)) = 0
(s(x).s(y)) = s(auot( (x,¥):s(x)))
s(x),s(y)) > H(x,y)
Hs(x),s(y)) > i (x,¥):s(y))
HsO)s(y)) = minus(x,y)
This is satisfied by choosing:
0] = 0 [ ] = Ay . x | 1 = M,y x
[s] = Mx+1 | ] = My . x | 1 = M,y x



Using a reduction pair

Completing quot/minus

Back to our example!

This is satisfied by choosing:

[0]
[s]

0
Ax. x+1

[

[

x+1

x+1
x+1
x+1
x+1
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AX, Y. X
AX, Y. X

[

[

i

AX, Y. X
AX, Y. X



Using a reduction pair

Completing quot/minus

Back to our example!

X > X
x+1 > x
0 > 0
x+1 > x+1
x+1 > x
x+1 > x
x+1 > x
This is satisfied by choosing:
0] = 0 [ ] = My . x | 1 = M,y x
[s] = Mxx+1 | ] = My . x | 1 = M,y x

Hence, we clearly gained something!
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Challenge: dealing with large systems.

Idea: split large problems into smaller sub-problems.
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A modular framework

Step-by-step proofs

Challenge: dealing with large systems.

Idea: split large problems into smaller sub-problems.

Example:
Rules: x,0) — x
(s(x),s(y)) — (x,¥)
(O,s(y)) — 0
(s(x),s(y)) — s(quot( (x,¥),s(y)))
DPs: A B(s(x),s(y)) = H(x,y)
B H(s(x),s(y)) = H(x,)
C Hs(x),s(y)) = K (x,¥),s(y))

Question: what does an infinite chain look like?

We conclude: split DP into {A} and {C}!
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Using a graph

Idea: Graph with DPs as nodes, edges between nodes if one can follow another in
a chain.

Example:
A f(s(x),s(y)) = f(x,y)
B f(s(x),s(y)) = “(x,y)
C f(s(x),s(y)) = F(minus(x, y),s(y))



A modular framework

Using a graph

Idea: Graph with DPs as nodes, edges between nodes if one can follow another in
a chain.

Example:
A F(s(x),s(y)) f(x,y)
B f(s(x),s(y)) = “(x,y)
C f(s(x),s(y)) = F(minus(x, y),s(y))

2
®
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Using a graph

A modular framework

Idea: Graph with DPs as nodes, edges between nodes if one can follow another in

a chain.

Example:

Nnw>

F(s(x).s(v)) = “(x,y)
F(s(x):s(y)) = f(x,¥)
F(s(x).s(v)) = F(minus(x, y),s(v))

Observation: each strongly connected component may be considered separately.
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A modular framework

Dependency graph processor — another example

Hence, we can remove dependency pair A.
(And then quickly remove B, too, using weakly monotonic algebras.)

Note: not always easy to see if one DP can follow another, but we can use
approximations.
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A modular framework

The DP framework visualised

We may visualise an example termination proof by the DP framework as follows:

A pair (D, R) is called a DP problem, and a method to alter a DP problem is a DP
processor.
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A modular framework

The subterm criterion

A. (s(x).y) = f(x.y,0)
B. “(x,0,2z) = “(x,2)
C. ﬁ(X,O,Z) = ﬁ(X,y,S(S(Z)))

Idea: consider the first argument of each side of the dependency pairs.
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The subterm criterion

A. i(s(x),y) = (x,y,0)
B. '(x,0,z) = “(x,2)
C. '(x,0,z) = Hx,y,s(s(2)))

Idea: consider the first argument of each side of the dependency pairs.



A modular framework

The subterm criterion

A. i(s(x),y) = (x,y,0)
B. '(x,0,z) = “(x,2)
C. '(x,0,z) = Hx,y,s(s(2)))

Idea: consider the first argument of each side of the dependency pairs.

Then we can remove the dependency pairs where the chosen argument becomes
smaller (in this case A).



A modular framework

The subterm criterion processor

Definition
For all marked symbols #, let v(i%) € {1,..., arity(f)}.
Let (D, R) be a DP problem, and write D = D; U D5.
Suppose:
o g,,( ty = r,,( 1) for all jj(fl, .. 7fn) = u(rl, a0 rm) c Dl

® r,() is a subterm of £,,.zy for all f#(¢1,...,0,) = (r,... rm) € Da

Then the subterm criterion processor maps (D, R) to {(D1, R)}.



A modular framework

Graph + subterm criterion

Class exercise:

O,y) = ¥
(s(x),y) — (0,x,y)
(r,x,0) — (x,r)
(rixs(y)) — (s(s(r)), x. ¥)
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A Hs(x),y) = 0, x,y)
B i(r,x,0) = (x,r)
C Hroxs(y) = #(s(s(r)), x, )
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A modular framework

Graph + subterm criterion

Class exercise:

0,y) — vy
(s(x),y) — (0,x,y)
(r,x,0) — (x,r
(rix,s(y)) — (s(s(r)), x,y)
A Hs(x),y) = 0, x,y)
B i(r,x,0) = (x,r)
C Hroxs(y) = #(s(s(r)), x, )



Other processors

Reduction pair processor

We can also reformulate reduction pairs as a processor:

Definition (Reduction Pair Processor)

Let > be a well-founded, stable ordering and = a stable monotonic quasi-ordering
on terms, such that => C >.

Let (D, R) be a DP problem, and write D = D; U D,.
Suppose:

e />=rforall/ - reR

e (/> rforall /= reDq, and

e (> rforall {=reD,.

Then the reduction pair processor maps (D, R) to {(D1, R)}.



Other processors

Reduction pair processor

We can also reformulate reduction pairs as a processor:

Definition (Reduction Pair Processor)

Let > be a well-founded, stable ordering and = a stable monotonic quasi-ordering
on terms, such that => C >.

Let (D, R) be a DP problem, and write D = D; U D,.
Suppose:

e />=rforall/ - reR

e (/> rforall /= reDq, and

e (> rforall {=reD,.

Then the reduction pair processor maps (D, R) to {(D1, R)}.

That is, we can use a reduction pair, and remove all dependency pairs that were
ordered with >.



Other processors

Using a reduction pair processor

(niz) — =z
(cons(x,y),z) — cons(x, (v,2))
(nil) — il
(cons(x,y)) — (rev(y), cons(x, nil))
ﬁ(COHS(X }/) z) = "y, 2)
(CO”S( y) = “(y)
“(cons(x,y)) = f(rev(y), cons(x, nil))



Other processors

Using a reduction pair processor

(nil,z) — =z
(cons(x,y),z) — cons(x, (v,2))
(nil) — il
(cons(x,y)) — (rev(y), cons(x, nil))
”(COHS(X }/) z) = "y, 2)
(CO”S( y)) = revk(y)
“(cons(x,y)) = f(rev(y), cons(x, nil))
We choose:
[nil] = 0 [ ] = My x+y
[cons] = M,y.y+1 [rev] = Ax. X
[ 1 = M,y x+vy

AX. X



Other processors

Using a reduction pair processor

z > z
y+1)+z > (y+2)+1
0 > 0
y+1 > y+(0+1)
y+1)+z > y+z
y+1 > vy
y+1 > y+(0+1)
We choose:
[nil] = 0 [ ] = Xy x+vy
[cons] = Mx,y.y+1 [rev] = Ax. X
[ 1 = M,y x+vy



Other processors

Using a reduction pair processor

z > z
(y+1)+z > (y+2)+1
0 > 0

y+1 > y+(0+1)
(y+1)+z > y+z

y+1 > vy

y+1 > y+(0+1)

Hence, we can remove all but the last dependency pair, and continue with:

({revé(cons(x, y)) = *(rev(y), cons(x, nil))}, R)
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Idea: remove arguments before using a reduction ordering



Other processors

Argument filterings

Idea: remove arguments before using a reduction ordering

(x,0) = x
(s(x).s(y)) = (x,y)
(0,s(y)) = 0
(s(x),s(y)) = s(quot( (x,¥):s(x)))
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Argument filterings

Idea: remove arguments before using a reduction ordering

(x) = x
(s(x)) = (x)
0,s(y)) = 0
(s(x),s(y)) = s(quot( (x),s(x)))
f(s(x):s(y)) = f(x,)
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f(s(x):s(y) = f(x,y)
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Other processors

Argument filterings

Idea: remove arguments before using a reduction ordering

(x) = x
(s(x)) = (x)

(O,s(y)) = O
(s(x),s(y)) = s(auot( (x),s(x)))
f(s(x),s(y)) = H(x,y)
#(s(x),s(y)) = H (x),s(y))
(s(x),s(y)) > H(x,y)

Replace (x,y) by (x).

This can be handled using LPO with s >
Searching a filter can be included in the SAT encoding of LPO.
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(s(x),s(y)) = s(quot( (x,¥),s(¥)))
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Usable rules

When considering only a small number of dependency pairs, we might not need all
the rules anymore.

E=3
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F(minus(x, ), s(y))
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We do get two extra requirements, c(x,y) = x and c(x,y) = y.
Finding usable rules is a very simple reachability algorithm.

More complex (but powerful!): combining usable rules with an argument filtering
and a reduction pair.
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