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Question: how long does this take?

add(0,y) — vy

add(s(x),y) — s(add(x,y))
mul(0,y) — 0

mul(s(x),y) — add(y,mul(x,y))

Challenge: how many steps does it take (worst-case) to reduce mul(s"(0),s™(0))
to normal form?

Challenge: what if the rules are instead given as:

add(0,y) — vy

add(s(x),y) — s(add(x,y))
mul(0,y) — 0

mul(s(x),y) — add(mul(x,y),y)
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Observation: interpretations to N

Recall: if s —x t then [s] > [¢]

= [s] bounds the reduction length!
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Complexity

Answering the question

add(0,y) — vy
add(s(x),y) — s(add(x,y))
mul(0,y) — 0
mul(s(x),y) — add(y,mul(x,y))
0] = 0
[0) = x+1
pdd](x,y) = 2x+y+1
mull(x,y) = 2x+y+ 2 +1

Challenge: how many steps does it take (worst-case) to reduce mul(s"(0),s™(0))
to normal form?

At most: [mul(s"(0),s"(0))] =2n+ m+2nm+1 = O(nx*m)
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Complexity

Tight bounds?

Observation: bounds are not tight!

add(0,y) — y
add(s(x),y) — s(add(x,y))

[0] = 0
[[l(x) = x+1
[add](x,y) = 2x+y+1

[add(s"(0),s™(0))] =2n+ m+1

Note: an interpretation to N captures cost and size in one number!
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Complexity

Tight bounds?

Observation: bounds are not tight!

add(0,y) — y
add(s(x),y) — s(add(x,y))

[0] = 0
[[l(x) = x+1
[add](x,y) = 2x+y+1

[add(s"(0),s™(0))] =2n+ m+1

Note: an interpretation to N captures cost and size in one number!
Thoughts:

® we only need order of magnitude anyway

® this problem is solved by using cost-size interpretations

® better techniques are also available
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Complexity Complexity notions

Derivational complexity

Definition
The derivation height of a term s is the largest number n such that
S =R S1 >R ... =R Sp (if such n exists; otherwise co)

Definition
The derivational complexity of a TRS R is a function dc from N to N, such that:

if |s| <n
then derivationheight(s) < dc(n)
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Derivational complexity example

a(b(x)) — b(a(x))

Challenge: what is the derivational complexity of this TRS?



Complexity Complexity notions

Derivational complexity explosion?

add(0,y) — y
add(s(x),y) — s(add(x,y))
Challenge: what is the derivational complexity of this TRS?
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Two kinds of symbols

VAN

Runtime complexity

y
s(add(x, y))
0

add(y, mul(x, y))
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Runtime complexity

Two kinds of symbols

0,y) — vy

(s(x),y) — s(add(x,y))
(0,y) — 0

(s(x),y) — (v, mul(x,y))
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Runtime complexity

Definition
A basic term is a term f(sy,...,s,) where f is a defined symbol and all s; are
ground constructor terms.
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Runtime complexity

Definition
A basic term is a term f(sy,...,s,) where f is a defined symbol and all s; are
ground constructor terms.

Definition
The runtime complexity of a TRS R is a function rc from N to N, such that:
if |s| <n

and s is a basic term
then derivationheight(s) < dc(n)
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Examples of runtime complexity

(b(x)) = b(a(x))
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Examples of runtime complexity

-y
= s(add(x,y))

minus(x,
minus(s(x). 5(y)
quot(0,s(y)
y

quot(s(x),s(y)

— X

—  minus(x,y)
- 0
%

0)
)
)
) s(quot(minus(x; y),s(y)))
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Suppose constructors ¢ have an interpretation [c](x1,...,X,) =x1 + -+ X, + b.
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Proving runtime complexity using interpretations to N

Suppose constructors ¢ have an interpretation [c](x1,...,X,) =x1 + -+ X, + b.
Challenge: what can [s] be if s is a ground constructor term of size |s| < n?

Challenge: if [f] is a linear polynomial, can we bound [s] for basic s of size < n?



Complexity Runtime complexity

Proving runtime complexity using interpretations to N

Suppose constructors ¢ have an interpretation [c](x1,...,X,) =x1 + -+ X, + b.
Challenge: what can [s] be if s is a ground constructor term of size |s| < n?

Challenge: if [f] is a cubic polynomial, can we bound [s] for basic s of size < n?

Other challenge: and what if [c](x1,...,Xx,) = a1x1 + -+ + apnxp, + b?
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